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On the Spectral Degeneracy of Wavelet
Transforms of Fractional Brownian Motion

Jin Lee∗

Abstract Existence of spectral density of wavelet transform in the case of
fractional Brownian motion is proved by Kato and Masry (1999). Given their
results, we provide supplementary results on spectral behavior at the zero fre-
quency. It is found that the spectral density at the zero frequency, determined by
the memory parameter and the number of vanishing moments of the wavelets,
generates possible degeneracy. Our results can be understood as spectral version
of decorrelation properties of wavelet transforms.
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1. INTRODUCTION

Fractional Brownian motion (fBm hereafter) is a continuous analogue of
fractional integrated process. In time series econometrics, fBm plays a role
of a limit for partial sums of fractional white noise processes (Sowell 1990).
A good survey for fractional process is given by Baillie (1996) and interpreta-
tion of spectrum of fBm is discussed in Flandrin (1989). Analysis of fBm by
wavelet methods is common in signal processing in natural science. Simply put,
wavelets make it possible to decompose signals into a lot of small waves via a
set of wavelet basis functions. While conceptually similar to Fourier analysis
in many aspects, wavelets prove to be more detailed and refined methods for
representation of square integrable functions or signals. In the literature, fBm is
widely analyzed by discrete wavelet transform (DWT hereafter). One advantage
of using wavelet transforms is that non-stationary fBm in time domain can be
transformed to be a stationary process with reduced correlations in the wavelet
domain which consists of scales and translations. For reference, see Tewfik and
Kim (1992), Flandrin (1992) and Percival and Walden (2000).

Our work begins with Kato and Masry (1999) who prove the existence of
spectral density function of continuous wavelet transforms. In particular, we
concentrate on the zero-frequency behavior of spectral density of DWT, which
were not explicitly handled in their work. In econometrics literature, one is of-
ten concerned with the spectrum at the zero-frequency, which is equal to the all
the sums of auto-covariances of the underlying process. It is typically known as
a long-run variance, which delivers long-run information of the process. Then,
zero-frequency behavior draws particular attention in many economics context
including long-run effects of impulse response analysis. We show that zero-
frequency spectral behavior of DWT is determined by the memory parameter
of fBm and vanishing moments of the wavelet function. Given a mild condi-
tion on wavelets, it is found that the spectrum can take the zero value at the
zero frequency, where it is labelled as degeneracy. In fact, our results turns out
to be consistent with Flandrin (1992) and Tewfik and Kim (1992), who study
decorrelation properties of DWT, i.e., two wavelet transforms become nearly
uncorrelated.

2. MAIN RESULTS

We analyze the wavelet transformation of the fBm. To do so, we first briefly
introduce a set of assumptions for wavelets.
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Assumption 1. (a) ψ(x) : R → R is a wavelet function such that {ψ jk(x) =
2 j/2ψ(2 jx− k), j,k ∈ Z} forms orthonormal basis for L2 space, where R and
Z are the set of real numbers and of integers, respectively. (b) The ψ(x) has
vanishing moments up to k as∫

∞

−∞

xm
ψ(x)dx = 0, for m = 0,1, ...,k.

(c) Fourier transform of ψ(x) is defined as

Ψ(λ ) =
∫

∞

−∞

ψ(x)e−iλxdx,

and |Ψ(λ )|2 = Ψ(λ )Ψ∗(λ ) is integrable and an even function, where Ψ∗(λ ) is
a complex conjugate of Ψ(λ ).

The wavelets form orthonormal basis function for L2 space, which can be
written as∫

∞

−∞

ψ jk(x)ψlm(x) = δ jlδkm, (1)

where δab is Dirac delta function, δab = 1 if a = b. Integers j and k denote scale
and translation parameters, respectively. One of the most fundamental properties
is that wavelet functions are mean-zero, which corresponds to the case of m = 0
in the condition (b). It is equivalently expressed as Ψ(0) = 0. The vanishing
moment condition is equivalently given as the zero spectral derivatives at the
zero frequency,

∂
m

Ψ(λ )/∂λ
m|λ=0 = 0, for m = 0,1, ...,k. (2)

For example, the easiest wavelet is Haar wavelet, which is defined as

ψ(x) =
{

1, for 0≤ x≤ 1/2,
−1, for 1/2 < x≤ 1.

(3)

It is simply a up-down box function, which satisfies the above conditions with
m = 0. Many wavelets have the property of certain vanishing moments. For
example, spline wavelets have k vanishing moment properties (Hernandez and
Weiss 1996),

Ψ
k(λ ) =


eiλ/2 [sin( 1

4 λ )]2k+2

( 1
4 λ )k+1

√
P2k+1(

1
4 λ+ 1

2 π)

P2k+1(
1
2 λ )P2k+1(

1
4 λ )

, for k is odd

(−i)keiλ/2 [sin( 1
4 λ )]2k+2

( 1
4 λ )k+1

√
P2k+1(

1
4 λ+ 1

2 π)

P2k+1(
1
2 λ )P2k+1(

1
4 λ )

, for k is even,
(4)
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where Pk(λ ) = ∑
∞
k=−∞(2sinλ )k+1/(2λ + 2kπ)k+1 (See Hernandez and Weiss

1996, p.157).
The wavelet with k = 1 is specially called as Franklin wavelet,

Ψ(λ ) = eiλ/2 [sin(1
4 λ )]2k+2

(1
4 λ )k+1

{
[1− 2

3 cos2(1
4 λ )]

[1− 2
3 sin2(1

2 λ )][1− 2
3 sin2(1

4 λ )]

}1/2

. (5)

In terms of wavelet functions, we note that it is convenient to use wavelets
with specific functional forms such as spline wavelets above. On the other hand,
Percival and Walden (2000) introduce algorithms to compute discrete wavelet
transforms for fractional process, where wavelet have no closed forms. We do
not consider this method in our work.

Consider wavelet representation of the continuous time series process Xt ,

Xt '∑
∞

k=−∞
a0kφ0,k +∑

∞

j=0 ∑
∞

k=−∞
Wjkψ jk, for j,k ∈ Z, (6)

where φ j,k = 2 j/2φ(2 jt − k) and φ is a called a father wavelet or a scale func-
tion. The above expression is approximation of the process from the scale j = 0.
The first term is an approximation part, whereas the second terms correspond to
details of signal. At a level j, the wavelet coefficient, also given as a detail, is
written as

Wjk = 2 j/2
∫

∞

−∞

Xtψ(2 jt− k), for j,k ∈ Z. (7)

In this work, we particularly consider fBm process Xt with zero mean and
unit variance and its wavelet transforms. The covariance function is given by
(Kato and Masry 1999)

E(XtXs) =
1
2
(|t|2d+1 + |s|2d+1−|t− s|2d+1), for −0.5 < d < 0.5. (8)

Thus, the transform (3) is DWT of the fBm, which is a discrete analog of Kato
and Masry(1999). The fBm is non-stationary as the covariance depends on both
t and s. The value d is commonly known as the memory parameter. The case of
d = 0 corresponds to the unit root process. The parameter d is also known as the
Hurst coefficient H, where d = H−0.5. From this relation, the exponents in the
covariance function 2d +1 is equal to 2H, where the range, 2H ∈ (0,2).

Now, covariance between the two wavelet coefficients is given by

E(WjkWjm) = 2 j
∫

∞

−∞

∫
∞

−∞

E(XtXs)ψ(2 jt− k)ψ(2 js−m)dtds. (9)
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For instance, when j = 0, then the covariance becomes

E(W0kW0m) =
∫

∞

−∞

∫
∞

−∞

E(XtXs)ψ(t− k)ψ(s−m)dtds. (10)

It is inferred that wavelet functions introduced above effectively reduce correla-
tions of the original process, say E(XtXs). Such property is also called as decor-
relation of wavelet transforms, where correlation of fBm decreases as wavelet
transformation. Thus, in the context of signal processing, wavelets prove to be
useful method to analyze fBm process through serially less correlated details.
Reduced correlation of {Wjk} process can be also expressed in terms of its spec-
tral density function. Below, we present spectral representation of wavelet co-
efficients and investigate the zero-frequency behavior which reflect the long-run
information of those coefficients.

Theorem 1. Suppose Assumption 1(a)-(c) hold. Then, the spectral density of
DWT is given by

(1) f jk(λ ) =−2− j−1C(d)
1

|λ |2d+2 |Ψ(2− j
λ )|2,

where C(d) = π−1[Γ(2d +2)sin((d +(1/2)π)].

(2) As λ → 0, f jk(λ )∼ Gλ
2(m−d), for a constant G < ∞,

where G is a constant over the frequency λ , which depends on d, j and the func-
tional forms of Ψ.

The first part of the Theorem 1 is discrete ananolgue of Kato and Masry
(1999). In the part (2), zero-frequency behavior of the spectral density of DWT
is analyzed. The zero-frequency information, often denoted as the long-run vari-
ance, draws a particular attention in economics and econometrics. It is seen that
the zero-frequency of f jk is determined by the memory parameter d and the num-
ber of vanishing moments m. Wavelets with certain regular properties effectively
reduce correlations of the original process. It is called a decorrelation property.
Simply put, wavelet transforms work as whitening tool for highly correlated fBm
process (Tewfik and Kim 1992, and Flandrin 1992).

We further show that decorrelated wavelet transforms can even generate zero
spectrum at the origin, i.e., zero long-run variance. If the number of vanishing
moments is larger than the memory parameter, then the spectrum f jk degenerates
at the origin, as the spectrum becomes zero at the zero frequency. Wavelets with
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one or larger vanishing moments correspond to this situation. Given this, a brief
implication can be made in relation to the wavelet representation in (6). Wavelet
transforms are denoted details at a given scale. Degeneracy implies that long-
run components of details become extinct, whereas only short-run information
of details remain.

Besides, if we restrict our attention to the class of spline wavelets, then we
provide subsequent results using the property of 4− π periodicity of wavelet
functions.

Corollary 2. Suppose wavelets belongs to the class of spline wavelets with
Ψk(λ ) = eiλ/2b(λ )λ−k−1, where b(.) is even function. Then,

(2) f jk(λ )∼ Gλ
2(m−d), for λ = 2 j+2kπ, k = 0,1,2, ...

where G is as in the Theorem 1.

The class of spline wavelets given above has 4-π periodicity of Ψk(λ ) func-
tion, that is to say Ψk(4kπ) = 0 for k = 0,1,2, .. (Hernandez and Weiss 1996).
Haar wavelet, defined as above, also 4-π periodic in its Fourier transform, Ψ(λ )=
ieiλ/2[sin2(λ/4)/(λ/4)]. Then, we observe that |Ψ(2− jλ )|2 = 0 for λ = 2 j+2kπ,
k = 0,1,2, .... As a result, zero spectrums occur periodically at different frequen-
cies including the origin.

3. CONCLUSION

Based on spectral representation of wavelet transforms of fractional Brown-
ian motion by Kato and Masry (1999), we provide additional results on spectral
behavior with possible degeneracy at the zero frequency. We found that zero-
frequency of the spectrum is determined by the memory parameter of fractional
process and the number of vanishing moments of the wavelet functions. Also,
periodicity of degeneracy is discussed under the class of spline wavelets.
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A. PROOF OF THEOREM 1

The proof basically follows Kato and Masry (1999). The covariance between the
two DWTs at the scale j is given by

E(WjkWjm) = 2 j
∫

∞

−∞

∫
∞

−∞

E(XtXs)ψ(2 jt− k)ψ(2 js−m)dtds (11)

= −2− j
∫

∞

−∞

∫
∞

−∞

|2− j(t− s)+(k−m)|2d+1
ψ(t)ψ(s)dtds.

By change of variables technique, we get

E(WjkWjm) = −2− j
∫

∞

−∞

|u|2d+1du
∫

∞

−∞

ψ(s+2 j(u+m− k))ψ(s)ds (12)

= −2− j
∫

∞

−∞

|u|2d+1du
∫

∞

−∞

ψ(s+2 j(u+m− k))ψ(s)ds.
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By the formula in Bahr, B., and C. Esseen (1965), utilized in Kato and Masry (1999),

E(WjkWjm)

=−2− j Γ(2d +2)sin((d +(1/2)π)
π

×∫
∞

−∞

∫
∞

−∞

[1− cos(λu)]
|λ |2d+2

∫
∞

−∞

ψ(s+2 j(u+m− k))ψ(s)dsdudλ

=−2− jC(d)
∫

∞

−∞

∫
∞

−∞

[1− cos(λu)]
|λ |2d+2

∫
∞

−∞

ψ(s+2 j(u+m− k))ψ(s)dsdudλ ,

where C(d) = π−1[Γ(2d +2)sin((d +(1/2)π)].
We use the Fourier transform methods to obtain

E(WjkWjm) =−2− jC(d)
∫

∞

−∞

1
|λ |2d+2 H(λ )dλ , (13)

where

H(λ ) =
∫

∞

−∞

[1− cos(λu)]
∫

∞

−∞

ψ(s+2 j(u+m− k))ψ(s)dsdu

=
1
2

2− j
∫

∞

−∞

[eiλu + e−iλu]
∫

∞

−∞

ψ(s+2 j(u+m− k))ψ(s)dsdu

= 2− j−1
{∫

∞

−∞

eiλu
ψ(s+2 j(u+m− k))

∫
∞

−∞

ψ(s)dsdu

+
∫

∞

−∞

e−iλu
ψ(s+2 j(u+m− k))

∫
∞

−∞

ψ(s)dsdu
}

= 2− j−1
{∫

∞

−∞

eiλuei(λ/2 j)s
ψ(s+2 j(u+m− k))

∫
∞

−∞

ψ(s)e−i(λ/2 j)sdsdu

+
∫

∞

−∞

e−iλue−i(λ/2 j)s
ψ(s+2 j(u+m− k))

∫
∞

−∞

ψ(s)ei(λ/2 j)sdsdu
}

= 2− j−1|Ψ(2− j
λ )|2eiλ (k−m),

where the Assumption 1(b) and 1(c) are used in the second and the last line, respectively.
Then,

E(WjkWjm) = 2− j−1C(d)
∫

∞

−∞

1
|λ |2d+2 |Ψ(2− j

λ )|2eiλ (k−m)dλ . (14)

It follows by Assumption 1 that

f jk(λ ) =C
1

|λ |2d+2 |Ψ(2− j
λ )|2, (15)

where C = 2− j−1C(d). The part (2) is immediate from Taylor expansion of |Ψ(2− jλ )|2
at λ = 0,

|Ψ(2− j
λ )|2 = h2(m+1)(0)(2

− j
λ )2(m+1)+O((2− j

λ )2(m+2)), (16)
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where h2(m+1)(0) equals to the g(2(m+1))(0)/(2(m+1)!), where g(n)(0)= ∂ n|Ψ(2− jλ )|2/
∂ nλ at λ = 0. Thus, we obtain

f jk(λ ) = Gλ
2(m−d), as λ → 0, (17)

where G =C2−2 j(m+2)h2(m+1)(0).
This completes the proof of Theorem 1.


