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1. INTRODUCTION

Couponing is a widely used promotional strategy in firms’ competition. De-
pending on the method of distribution, coupons can be divided into mass me-
dia coupons and targeted coupons. Targeted coupons generally take two forms:
defensive coupons and offensive coupons. Mass media coupons are randomly
distributed to consumers. Defensive coupons are distributed to retain firms’ own

customers, while offensive coupons are offered to poach rival firms’ customers.

Previous studies on couponing consider mass media coupons that lead to
market segmentation through consumers’ self-selection. Narasimhan (1984),
among others, shows that coupons serve as a price discrimination vehicle, charg-

ing a lower price to coupon users (more price-elastic consumers).

Due to the development of more sophisticated methods for acquiring, stor-
ing, and analyzing consumer information, firms can now send targeted coupons
to selected customers. Using a model of product differentiation a la Hotelling,
Shaffer and Zhang (1995) examine the effects of targeted coupons on firm prof-
its, prices, and coupon face values. Their main finding is that targeted coupons
deteriorate firm profits due to increased competition for potential brand switch-
ers. Bester and Petrakis (1996) study sales promotion via coupons in a duopoly.
In their model, the role of (offensive) coupons is to reduce consumer switch-
ing costs. They show that, in equilibrium, couponing intensifies competition

between firms, and hence lowers their profits.

In the context of price discrimination based on purchase history, Chen (1997)
considers a two-period homogeneous product duopoly model. Here consumers
incur costs when switching one firm to another, which enables firms to seg-
ment and price discriminate consumers. He shows that in equilibrium, each firm
charges a lower price to the competitor’s customers than to its own customers
in the second period (paying customers to switch) and that such discrimina-
tory pricing lowers profits. Fudenberg and Tirole (2000) analyze a two-period
duopoly model in which consumers have different preferences for firms’ prod-
ucts and each firm can set different prices in period 2, depending on whether

or not consumers have bought its product in period 1. They find that each firm
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can poach the rival firm’s customers by charging them a lower price (customer
poaching) and that discrimination in prices charged to loyal and switching cus-
tomers reduces firm proﬁts

As reviewed above, the existing literature on targeted couponing has mainly
focused on offensive coupons. There are two reasons for this: (i) consumers
have to pay costs to switch between firms (Bester and Petrakis, 1996; Chen,
1997) and (ii) they prefer a specific firm’s product (Fudenberg and Tirole, 2000).
In either case, enticing brand switching through coupons (discounts) arises as an
equilibrium outcome. The intuition for this is that consumers who bought from a
competitor are revealed to have a lower relative preference for the firm’s product
(or a relatively high cost to switch to the firm), and so profit maximization re-
quires the firm to charge a lower price to them. In addition, offensive couponing
with exogenous switching costs and/or constant preferences leads to lower firm
proﬁtsE]

Despite the extensive economic literature on targeted couponing, the case of
considering both defensive and offensive couponing has received little attention.
In Shaffer and Zhang (1995), firms can send defensive and offensive coupons to-
gether, but their study is based on a model with single purchase so that dynamic
properties of consumer preferences are not considered, which may affect firms’
couponing. Also in the literature, the question of what proportion of targeted
customers firms should offer coupons to has not been definitively answered.

The purpose of the present study is to explore which and how many con-
sumers firms should offer coupons to when consumers change their tastes across
purchases and are forward-looking. To that end, we employ a two-period differ-
entiated product duopoly model where firms first decide how many of their own

customers they will offer coupons to and then how many of rivals’ customers

ITaylor (2003) extends Chen (1997) to multiple periods and multiple firms, and Villas-Boas
(1999) provides an analysis similar to Fudenberg and Tirole (2000) but in a duopoly with infinitely
lived firms and overlapping generations of consumers.

2A well-established result in the price discrimination literature is that oligopolistic price dis-
crimination intensifies competition and leads to lower profits (Thisse and Vives, 1988; Shaffer and
Zhang, 1995; Bester and Petrakis, 1996; Liu and Serfes, 2004). One important environment for
price discrimination to intensify competition and to reduce firm profits is best-response asymme-
try, i.e., one firm’s strong market is the other firm’s weak market (see Corts, 1998).
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they will offer coupons to.

Focusing on a symmetric equilibrium, we obtain the following two results.
(i) In the case of offering defensive coupons, it is optimal for the firms to dis-
tribute coupons to all of their own customers. (ii) Having distributed the defen-
sive coupons, sending out offensive coupons to a rival’s customers is detrimental
to the firms’ profits.

The rest of the paper is structured as follows. Section 2 sets up the model.
In Section 3, two cases of couponing are analyzed and another couponing rule is

discussed. Section 4 concludes.

2. THE MODEL

Consider the following two-period differentiated duopoly model a 1a Hotelling.
Two firms (A and B) produce and sell competing goods for two periods (1 and
2) at a constant marginal cost, which we normalize to zero for simplicity. Firm
A is located at point 0 and firm B at point 1 of the unit interval [0, 1]. In each
period, there is a continuum of consumers uniformly distributed on the interval
[0, 1] with a unit mass. Each consumer is identified by her location on the in-
terval, which corresponds to her ideal product. Consumers buy at most one unit
of the good in each period and are willing to pay at most v. We assume that
v is sufficiently high for non-purchase to be dismissed. A consumer located at
x € [0,1] incurs a disutility of zx when purchasing from firm A, and of #(1 —x)
when purchasing from firm B, where ¢ > 0 measures the per-unit distaste’s cost
of buying away from her ideal product.

Each consumer’s location in period 2 is allowed to vary randomly and in-
dependently of her first-period 1ocati0nEI In other words, all consumers change
preferences from period 1 to period 2 and do not know their second-period pref-
erences in period 1. For example, a consumer’s preferences for different airlines
may vary from one period to the next as travel plans change. A customer may

change her preferred shopping venue depending on whether shopping trip starts

3 A consumer’s first-period choice contains no information about her second-period preference.
Hence in equilibrium, there is no price discrimination by purchase history. Instead, the firms can
use coupons or long-term contracts (commitment to future prices).
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from home or work. All consumers are also forward-looking in the sense that in
period 1, they buy from the firm that maximizes the sum of their first-period sur-
pluses and expected second-period surpluses, anticipating second-period prices.

Coupons are distributed in period 1 and redeemed in period 2, which takes
the form of price discounts. We assume that each consumer is equally likely to
receive a coupon and that trading coupons is not possible.

To find the firms’ optimal couponing, we consider the following sequen-
tial decision of couponing. The firms first decide how many of their own cus-
tomers they will offer coupons to. Having determined the number of defensive
coupons to be offered, the firms decide how many of their rival’s customers they
will offer coupons to In our model setup, there does not exist an equilibrium
where only offensive coupons are distributed. This is because as the rival’s cus-
tomers of yesterday may prefer the firm’s own product today, the firms have no
incentives to poach them using offensive coupons. Thus, the other sequential
decision of couponing (i.e., offensive-then-defensive couponing) reduces to de-
fensive couponing, which is included in our analysis. The following formally

defines the firms’ couponing:

Definition 1. (1) Firm i € {A, B} is said to use defensive couponing (n',0) when
it distributes coupons to a fraction )’ € (0,1] of its own consumers and gives
no coupons to its rival’s consumers. 1’ will be referred to as firm i’s defensive
couponing intensity. (2) Firm i is said to use mixed couponing (n™*,0") when
it distributes coupons to a fraction 8° € [0, 1) of the rival firm’s consumers with
the optimal defensive couponing intensity n™*. 8% will be called firm i’s offensive

couponing intensity.

Each couponing is characterized by its intensity. In this regard, our model
generalizes the one of Caminal and Matutes (1990) who analyze the case of
(n?,0) = (1,0) only. Note also that in the definition of couponing, the cases of
N’ =0 and 6’ = 1 are excluded because the former case means the absence of
coupons and the latter case is similar to mass media couponing. Each case will

be used as a benchmark in this study.

4A simultaneous decision of couponing is discussed in Section 3.
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Prior to price competition, both firms announce an intensity of couponing
(n' or 8%, which is a binding commitment. Hence, the effects of a couponing
intensity on the equilibrium values take the form of a comparative statics analy-
sis. It is also assumed that the discount factor for both firms and consumers is 1
and that there is no cost of distributing coupons.

Letting a4 denote firm A’s market share in period 1, the timing of the coupon-

ing game is as follows:

e Period 1: Given a pre-announced couponing intensity (n' or %), firm i €
{A,B} sets a first-period price (p’i) and a coupon face value (1), resulting
in a portion ¢4 of consumers purchasing from firm A and the remaining

portion 1 — a4 purchasing from firm B.

e Period 2: Firm i chooses a second-period price (pé). Each consumer de-
cides whether or not to be loyal depending on her new location (prefer-

ence) and the effective prices (pé —r).
The following example is helpful to better understand the couponing game:

Example 1. Suppose that the two firms employ (n4*,04) = (n%*,68) = (1,1/3).
Consider a consumer who was located at x; and bought from firm A in period 1,
i.e. x; € [0, 4]. In period 2, if she buys from firm A again, she will pay p‘% — .
On the other hand, if she buys from firm B, she will pay p5 — #® (resp. p5) with
probability 1/3 (resp. 2/3). Thus, when this consumer buys from firm A (resp.
B) in period 2, she enjoys utilities v —fx; — p4 and v —tx; — (p5 — ) (resp.
v—t(1—x2) — (p& —r8/3)) in periods 1 and 2, respectively, where x, is her new

location (preference) in period 2.

3. ANALYSIS AND RESULTS

To find the firms’ optimal couponing (intensity), the defensive couponing
and mixed couponing games are analyzed in turn. For each couponing game,
we use the subgame perfect Nash equilibrium as the solution concept and pro-

ceed by backward induction. Since the firms are identical ex ante, we focus on
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a (pure-strategy) symmetric equilibrium in which they use couponing with the

same intensity.

3.1. DEFENSIVE COUPONING

Consider first the case where both firms use defensive couponing. We start
by constructing the demand for firm A in the second period. In period 2, oy
and 7 are given. Recall that all consumers redraw their taste parameter at the
beginning of period 2.

Consumers in period 2 can be divided into the following four groups, de-
pending on which firm they bought from and whether they received coupons in

period 1:

e (D1) Consumers in [0, 4] with firm A’s coupons; x19; 1%

e (D2) Consumers in [0, a4 ] without coupons; xgo; 1 —n*

e (D3) Consumers in (a4, 1] with firm B’s coupons; xo;; 1%

e (D4) Consumers in (a4, 1] without coupons; xgo; 1 —n®.

where xs denote consumers who are indifferent between buying from A and buy-
ing from B in period 2. Specifically, xjo (resp. xo1) is the indifferent consumer
of the group in which consumers receive coupons from firm A (resp. B) and
Xoo is the indifferent consumer of the group without coupons. These indifferent

consumers are defined as follows:

v—txlo—(pé—rA) :v—t(l—xlo)—pg
v—1x00 — py =v—1(1 —x00) — p5

v—txm—p? :V—t(l_xOl)_(pIZg_rB)'

For example, consumers belonging to group D3 bought from firm B and
received coupons in period 1. In period 2, a consumer in this group prefers
purchasing from firm A to purchasing from firm B (i.e., she switches to firm A)

if her new taste parameter is smaller than xo;: x < xo1 = (p5 — pg‘ —rB41)/2t.
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Since a fraction 1’ of firm i’s consumers receive coupons, the second-period

demand of firm A is given by

& (P8, p5) = aan®xi0+ oa (1 —n™)xoo + (1 — aa)nxo;
———
inD1 inD2 inD3
+ (1= o) (1 =1 )xo0.
inD4

Then, in period 2, a fraction (xAnAxlo of consumers buy from firm A at the
discounted price p5 —r**, while another fraction a4 (1 —1%)xo0+ (1 —0t4)nBx01 +
(1—aa)(1—n?)xg buy from firm A at the full price p5. Thus, firm A’s second-

period maximization problem can be written as

max 7 = (a0 x10)(pa — 1) + o (1 — 0" )xo0 + (1 — ota)nxoy
/%) (1)

+ (1= aa) (1= 1%)x00] P53

The first-order condition for the problem (1) gives firm A’s best-response
function. We can proceed in a similar way for firm B and then solve the system
of the two best-response functions to find the second-period equilibrium prices.
Substituting the second-period equilibrium prices into 73" yields the equilibrium
profit for firm A in period 2, denoted by # (0,7, r%; 1%, n%). Assuming that
all consumers are forward-looking, we can now express firm A’s profit maxi-

mization problem in period 1 as
max ! = ! 4+ 72, (2)
1t

where 7t = plaa(pt, pB,r4, B nB).

Focusing on a symmetric equilibrium, we consider the case of 4 = n% =
n € (0,1]. Taking the first-order conditions for the problem (2) and imposing
symmetry, we can obtain the equilibrium values of defensive couponing as fol-

lows:

Lemma 1. Suppose that firms A and B employ defensive couponing (1n,0). In
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the equilibrium,

(i) The first-period prices are

a 2tm(1+n)

A B
(ii) The values of the coupons are
2t
A= (4)
(iii) The second-period prices are
t
M=ri=ri=rty . )
(iv) The firms’ profits are
n 2
ﬂA:ﬂB:nd:t+t<2+n> : (6)
Proof. See Appendix. O

From Lemma 1, we can see that in the equilibrium, as the firms distribute
more coupons to their own customers, both the first- and second-period prices
rise: dp¢/dn > 0 and dp2/dn > 0. The intuition for the increase in the first-
period price goes as follows. As more coupons are sent out, more consumers
with the coupons accept to pay a higher price in period 1 since they anticipate
their loyalty will be rewarded in period 2. On the other hand, the equilibrium
value of a coupon decreases as 1 increases: dr¢/dn < 0. It is noteworthy that
if coupons are not used, the game is similar, in each period, to the standard
Hotelling model so that in period j € {1,2}, p;‘ = pf = p" =t. Here we use
the superscript n to denote the equilibrium values in the case of no coupons.
Hence, the prices in both periods are higher than in the absence of coupons,
although loyal consumers with coupons pay a lower price in period 2: pg -l =
t+t(n—2)/2+n)<p'=t,Yn e (0,1].
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It can be also checked that as the firms offer more coupons to their cus-
tomers, more of them are less tempted to switch to a rival firm. Formally,
nxio + (1 —N)xpo (resp. Mxor + (1 — N)xgo) is the fraction of firm A’s (resp.
B’s) consumers who decide to buy from firm A in period 2. Then we have
d[nxi0+ (1 —n)xe0]/dn > 0 (resp. d[Nxo1 + (1 — 1N )x00]/dn < 0), which leads
more consumers to benefit from coupons in period 2. In this sense, the second
period becomes more competitive as more defensive coupons are sent out.

Finally, the equilibrium profit increases with the defensive couponing in-
tensity: dn?/dn > 0. Moreover, defensive couponing allows the firms to in-
crease their profits compared with the case where no coupons are used: 7¢ =+
t[n/(24+n))> > n" =t,Vn € (0,1]. Unlike the general results in the oligopolistic
price discrimination literature, price discrimination by defensive coupons con-

sidered here boosts firm proﬁtsE] This immediately gives the following result:

Proposition 1. In the case of defensive couponing, it is optimal for the firms to

distribute coupons to all of their own consumers.

In terms of competitiveness of couponing, sending out defensive coupons
softens competition. However, Caminal and Claici (2007) argue that loyalty-
rewarding programs intensify competition unless the number of firms is suf-
ficiently small and firms are restricted to use lump-sum coupons. Our result
complements that of Caminal and Claici (2007) in the sense that, in a duopoly,
couponing for rewarding loyalty becomes more anti-competitive as firms offer

more Couponsﬁ

3.2. MIXED COUPONING

We next turn to the case of mixed couponing. As before, we analyze the

game by first deriving the demand for firm A in the second period.

3See footnote 2.

%In her empirical study on the airline industry, Lederman (2007) finds that frequent flyer pro-
grams (FFPs) increase demand for airlines, and interprets this finding as evidence that FFP rein-
forces firms’ market power. Fong and Liu (2011) show that rewarding loyalty makes tacit collusion
easier to sustain.
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Consumers in period 2 can be segmented into the following four groups,
depending on their first-period choices and the firms’ offensive couponing inten-

sities:
e (M1) Consumers in [0, ot4] with both firms’ coupons; x;1; 67
e (M2) Consumers in [0, ot4] with only firm A’s coupons; xj0; 1 — 6%
e (M3) Consumers in (04, 1] with both firms’ coupons; x11; 04
e (M4) Consumers in (0, 1] with only firm B’s coupons; xo1; 1 — 64.

The indifferent consumers xj9 and xp; are the same as in defensive couponing,
while x1; is the indifferent consumer of the group in which consumers receive

coupons from both firms and defined as
V—1Ix11 — (pé —rA) =v—t(1—xy1)— (pg_rg)
The second-period demand of firm A is then

qé(l’éypg) =040%x11 + o (1 _VGB)XIO +(1— OCA)GAxU
inM1 inM2 inM3
+ (1 — OCA)(l — eA)X(n.

inM4

In period 2, a fraction 0488x1; + ata(1 — 08)x19 + (1 — a4 )0%x1; of con-
sumers buy from firm A at the discounted price p‘% — 4, while another fraction
(1 —0t4)(1 — 6%)x0; buy from firm A at the full price p4. Hence, we can write

the second-period maximization problem of firm A as

mpilxyr‘z“ = [040%x11 4+ ota (1 — 0%)x10+ (1 — 004) 0%x11] (p5 — 1)
A (7)
F1(1— ) (1= 6%)x01] .

The first-order condition for the problem (7) gives firm A’s best-response
function. Proceeding similarly for firm B and solving the system of the two best-

response functions, we obtain the second-period equilibrium prices. Plugging
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those prices into 7} yields the equilibrium profit for firm A in period 2, denoted
by 777’24 (aa, 804,08 ). With forward-looking consumers, firm A’s profit max-

imization problem in period 1 is

max 7’ = ﬂf\ + ﬁﬁ\ ; (8)
pirt
where ' = plaa(pt, p8,r4,rB; 064, 05).
As we focus on a symmetric equilibrium, the case of 84 = 08 =0 € [0,1) is
considered. Taking the first-order conditions for the problem (8) and imposing
symmetry yields the next lemma, which characterizes the equilibrium values of

mixed couponing:

Lemma 2. Suppose that firms A and B employ mixed couponing (1,0). In the
equilibrium,

(i) The first-period prices are

26(1 - 6)(2—36)

A B m
P1=Dr1 =D + 9(1+6)? ©)
(ii) The values of the coupons are
2t
AoBopme 2 10
" T3(+1e) (19)
(iii) The second-period prices are
, 4t
Py=py=pi=7. (1
(iv) The firms’ profits are
t(1—-0)(1-386)
=nf=n"=1¢ 12
T o ep (12)
Proof. See Appendix. 0

Lemma 2 provides different results from Lemma 1. In the equilibrium, the

first-period price initially decreases and then increases in the offensive coupon-
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ing intensity, approaching p” = ¢. The reason is that coupons sent out offen-
sively in mixed couponing intensify price competition in period 1 since each
firm should lower a first-period price to prevent its own customers from being
poached by the rival firm’s coupons. The second-period price remains the same
regardless of 0. The equilibrium value of a coupon, however, decreases with 0

as in defensive couponing.

The equilibrium profit first decreases and then increases as the firms dis-
tribute more coupons to their rival’s customers, approaching 7" = ¢. In addition,
if both firms send coupons to more than a fraction 1/3 of the rival firm’s cus-
tomers, then mixed couponing is less profitable than in the case of no coupons.

From this, we can draw the next result:

Proposition 2. In the case of mixed couponing, it is optimal for the firms not to

distribute any coupons to their rival’s consumers.

Under mixed couponing, the coupons sent to each firm’s customers defen-
sively increase the cost of attracting the rival’s customers because the discount
required to entice an additional customer should cover this defensive coupon.
Hence, the defensive coupons in mixed couponing reduce the firms’ incentive to

offer offensive coupons.

Combining Propositions 1 and 2 immediately yields the following result on

optimal couponing:

Proposition 3. Consider a two-period differentiated duopoly model where forward-
looking consumers change their preferences over time. Then, the optimal coupon-
ing is such that the firms offer coupons to all of their own consumers and only

them.

The result of Proposition 3 has implications for marketing tactics such as
frequent-flyer programs (by airline companies) and frequent-stay programs (by
hotels).
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3.3. SIMULTANEOUS DECISION OF COUPONING

Finally, we sketch optimal couponing when the firms simultaneously deter-
mine the defensive and offensive couponing intensities. From the above results,
it seems that given an intensity of offensive couponing, the firms’ profit increases
as more defensive coupons are distributed. On the other hand, given an intensity
of defensive couponing, the profit from offering the defensive coupons seems to
dissipate as more offensive coupons are sent out. In these cases, optimal coupon-
ing in a simultaneous decision of couponing will be the same as in the sequential
decision. In particular, when the firms distribute both types of coupons with the
same intensity, the simultaneous decision of couponing is similar to mass me-
dia couponing in that consumers have the same possibility of receiving coupons
from both firms, regardless of where they buy the products. Such couponing is
not profitable compared with the case of no coupons since consumers only care

about current prices in making purchasing decisions in period 1[]

4. CONCLUSION

Based on a two-period differentiated duopoly model with forward-looking
consumers having changing preferences, we investigate targeted couponing to
answer the question of which and how many consumers firms should offer coupons
to. Considering the sequential decision of defensive and offensive couponing
gives the following results.

First, defensive couponing allows the firms to increase their profits compared
with the case of no coupons. The firms can then maximize profits by distributing
coupons to all of their own customers. The intuition behind this result is that con-
sumers with defensive coupons accept to pay a higher price in period 1 as they
anticipate their loyalty will be rewarded in period 2. Second, having distributed
coupons to all of the firms’ own customers, sending out coupons to poach their

rival’s customers reduces profits. Moreover, it leads to lower profits than without

7Using the same procedure as in the previous two subsections, we can show that if the firms
employ (1,0) with n = 0, then the first- and second-period equilibrium prices are ¢ and the
equilibrium value of a coupon is 0.
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couponing when offering coupons to more than a fraction 1/3 of a competitor’s
customers. The reason is that each firm should lower its first-period price to pre-
vent the rival’s offensive coupons from luring away its customers, which results
in intensified competition in period 1. These two results imply that, if consumers
change their preferences over time and are forward-looking, the firms’ optimal
couponing is to distribute coupons to all of their own consumers and only them.

In future research, it would be interesting to study the optimality of a simul-
taneous decision of couponing when some consumers change their preferences

across purchases and others do not.
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APPENDIX

Proof of Lemma 1

The second-period equilibrium prices are
Py =t+oun? and p8 =1+ (1—ax)n’rs. (13)

The equilibrium profit for firm A in period 2 is then calculated as

= % - % [aa (1 — o) 0P rP + au (1 — aan™)n? (r4)?]. (14)

Now we need to compute firm A’s first-period market share a4, which de-

pends on p’i, r, and T]i . The indifferent consumer, £, is such that the sum of the

difference in her first-period surpluses from buying from firms A and B (denoted

by AS; = S — S¥) and the difference in her expected second-period surpluses

(denoted by AS; = S5 — S5) is equal to zero. The first-period surplus difference
is simply given by

AS; =8t =SB =(v—ti—p) = (v—t(1 =%) = pB) =1 — 25+ pP — pi.

Consumers do not know which will be their taste parameter in period 2. Note
also that a fraction i’ of firm i’s consumers receive coupons. Thus, the expected

second-period surplus from buying from firm A in period 1 can be written as

Sy=nt [/Om (v—tx—(p5 — 1) dx+/x110 (v—t(1—x)—p5) dx}

+(1—n%) [/OXOO (vtxpé)der/x:O (vt(lx)pg)dx] :

In case the indifferent consumer receives (resp. does not receive) a coupon
from firm A in period 1, she buys again from firm A if her new preference in
period 2 is below xj¢ (resp. xgg); otherwise, she buys from firm B. In the same

vein, the expected second-period surplus from buying from firm B in period 1 is
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s =nt [/Om (v—tx—pé)dx—k/x:l (v—t(l—x)—(pg—rB))dx}
+(1—n% [/Oxoo (v—tx—p‘é)dx—k/x:o (v—t(l—x)—pg)dx] :

After some algebra, we have
ASy = S5 — 85 = 1™ (g — x50) —11° (x5; —x50) — 17"

Since % is defined by AS| +AS> = 0 and £ = 0y, the first-period market share
of firm A, oy, is given implicitly by

t—=2t05+pf — pi = mPxg —m o +1(n* =g + 070 (15)

Note that the firms’ couponing intensities are given as n* = n% =n € (0, 1].
Thus, the first-order conditions for the problem (2) areﬂ

)
% =y +p’?§%‘— 5 [(1—=204) 1% B

+(1=20um)n ()’ 554 = (16)

omL = pp 9% — L lou(1— an)n?r® + 20 (1 — oam)n ]
— 4 [(1=204) 02478 + (1 = 204m)1 (*)?] 9% = 0.

art T

\

Here the values of d oty /9 p and das /dr? are obtained by using the implicit
function theorem for (15). We focus on a symmetric equilibrium so that p‘f‘ =
p? =p1, ™ =r =r,and a4 = 1/2. Then we have

doy —t dag  Mt+(1—n)r

apt 202+ ) and =7 = A2+ (17)

Replacing dau/dp} and da/dr” in (16) by (17) and solving the system
gives (3) and (4). (5) is obtained by plugging (4) into ( 13)@ With (3), (4), and

81t can be easily verified that the second-order conditions are satisfied.
9Switching occurs in period 2 if 0 < xo; < xpp < x19 < 1 or 18 —1 < pg - pﬁ‘ <t—r, which
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(14) we get (6). J

Proof of Lemma 2

The second-period equilibrium prices are as follows:
Py =140 and p5 =1 +/50. (18)

where ® = o4 + (1 — @4)0* and ®' = 408 + (1 — a).
The equilibrium profit for firm A in period 2 is then

ﬁg‘:%—%[M(l—@)(r“@JrrB(l—@’))]. (19)

As in Lemma 1, we need to compute firm A’s first-period market share oy.
Let X be the indifferent consumer. Assuming forward-looking consumers, ¥ is

such that AS; 4+ AS> = 0. The first-period surplus difference is given by
AS) =81 =87 = (v—15—p) = (v—1(1 =%) = p}) =1 = 2%+ p} — pf.

The expected second-period surpluses from buying from firms A and B in

period 1 can be, respectively, expressed as

54 =08 [/O.x” (v—tx—(pé—rA))dx—i—/x:l (v—t(l —x)—(pg—rB)) dx]
+(1-6% :/:m (v—tx—(pé—r/‘))dx—i—/x:o (v—t(l—x)—pl;)dx:
S5 =4 [/Ox” (v—tx—(pé—/‘))dx—i—/x:l (v—t(1—x)—(p5 —1%)) dx]

+(1-6%) '/Oxm (v—tx—pé)dx—l—/x:1 (v—t(l—x)—(pg—rg))dx- .

A few lines of computations establish that

AS, =85 — S5 = I(X%O _x(z)l) +t9A(x(2)1 —xi) +10%(xf, —x%o) —(1-6%)r".

is satisfied in the symmetric equilibrium.
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Since & is defined by AS| +AS, = 0 and ¥ = 0y, the first-period market share
of firm A is given implicitly by

t—2to + pb — pt =1(64 — 08)x}, +1(1 — 0M)xd, —1(1 — 65)x3, + (1 — 68)r5.
(20)

Given the firms’ couponing intensities as 84 = 8% = 8 € [0, 1), the first-order
conditions for the problem (8) areEjI

9 — oy pt 9% — L0 1A (A0 + (1 -0)

+(1—9)M(1A+r3)(1—®)]§%:o 1)

95 = pi5h 4 (2001 -0) +/7(1-0)(1-0)]
LI(6— 1A R0 +r5(1-0)) +(1-0) (4 +r%)(1-0)] 9% =0.

T

Using the implicit function theorem for (20) and imposing symmetry (i.e.,
P? ZP? =p1, ¥ =8 =r, and a4 = 1/2), we obtain
doy —t day  (1—6)(—6r)

ot A (-0ra M ok T Az (_era

(22)

Replacing day /dp] and doys /dr? in (21) by (22) and solving the system,
we get (9) and (10). Plugging (10) into (18) gives (II)E-I Using (9), (10), and
(19), we obtain (12). []

101¢ can be easily verified that the second-order conditions are satisfied.
11Switching occurs in period 2 if 0 < xg; <xj1 <xj9 < lorrf -1 < pf —p‘é’ <t—r*, which
is satisfied in the symmetric equilibrium.
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