
JE
TE

M
 Journal of Economic Theory and Econometrics 

The Journal of the Korean Econometric Society 

( 계   량   경   제   학   보 ) 

March 2008 

Volume 19. Issue 1. pp.49-59 

 

 

 

Asymptotic Variance and Extensions of 
A Density-Weighted-Response Semiparametric Estimator 
 
 
Myoung-Jae Lee* · Fali Huang† · Young-sook Kim‡

 

 

 

 

 

Abstract Building on some early works, Lewbel (2000) proposed estimators for binary 
and ordered discrete response models with endogenous regressors. These estimators 
have been extended for panel data and for truncated and censored models by later 
papers. The estimators are particularly innovative in that the latent linear regression 
functions are pulled out of the nonlinear limited dependent variable models, which are 
then treated as if they were the usual linear models. But understanding the estimators 
and their applications have been “hampered” by less-than-ideal expositions and 
assumptions. For this problem, this short note reviews the estimators and makes the 
following three points. First, the derivation and proper insight of the asymptotic 
variances are provided. Second, the inefficiency of the ordered discrete response 
version is pointed out and corrected. Third, assumptions in the panel data extension by 
Honoré and Lewbel (2002) are relaxed. 
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1. Introduction

Lewbel (2000) presented a semiparametric estimator for binary-response models with

endogenous regressors, and then suggested extensions for ordered discrete response (ODR)

models as well as for other models. The estimator is based on an innovative idea of pulling

the regression function out of the indicator function in the binary-response models, which

builds on earlier ideas in Horowitz and Härdle (1996) and Lewbel (1998). The binary response

estimator has been applied in Maurin (2002), and the ODR extension in Anton et al. (2001)

and Stewart (2005). Honoré and Lewbel (2002) extended the estimator to panel binary

responses, and Khan and Lewbel (2006) to truncated and censored models, although the

latter does not look as practical as the former and Lewbel’s (2000).

In dealing with endogenous regressors in linear models, there are largely three ap-

proaches. The first is instrumental variable estimators (IVE); the second is two-stage LSE

analogs replacing the endogenous regressors with their projections on exogenous variables;

and the third is control function approaches adding a function to the model to remove the

endogeneity. For limited dependent variable (LDV) models, methods to deal with endoge-

nous regressors within semiparametric framework have been slow in coming. Two-stage LSE

analogs were proposed by Lee (1996), and a control function approach appeared in Blundell

and Powell (2004); Blundell and Powell (2003) reviewed semiparametric approaches for en-

dogenous regressors in LDV models. In the literature, the IVE analogs were perceived to be

“hopeless”. Lewbel’s (2000) estimators were particularly welcome in that they are genuine

IVE analogs using transformed response variables.

The Lewbel (2000) binary response estimator is a two-stage estimator with a nonpara-

metric first-stage where the first-stage nuisance parameter is a conditional density. The first-

stage estimation error affects the second-stage, but the details of the derivation and insight

were not provided there, which led to some difficulties in the aforementioned applications as

to be shown later. Also the ODR extension turned out to be an inefficient one.

This paper does three tasks. Section 1 quickly reviews the Lewbel’s (2000) estimator to

show the right insight for the asymptotic variance to facilitate understanding the estimator’s

main idea, its extension, and its applications. Section 2 proposes an efficient ODR extension.

Section 3 relaxes some assumptions in Honoré and Lewbel’s (2002) extension to panel binary

responses.

Lee, M.-J., F. Huang and Y.-S. Kim (2008) / JETEM 19(1) 49-59

50



2. Binary-Response Estimator and Asymptotic Variance

Consider a binary response model with a ‘special’ regressor w, the other regressors x,

and an error term uo: yi = 1[βwwi +x′iβ
o+uo

i > 0] where 1[A] = 1 if A holds and 0 otherwise,

and βw and βo are unknown parameters. Suppose sign(βw) > 0—Lewbel (2000) shows how

to estimate sign(βw). Normalizing the model by dividing through by βw yields

yi = 1[wi + x′iβ + ui > 0], i = 1, ..., N, where β ≡ βo/βw and uo
i ≡ ui/βw.

Suppose some components of x are endogenous and z is an instrument for x.

Denote the conditional density and distribution function of w|x, z as f(w|x, z) and

F (w|x, z); analogous notations will be used for other densities and distribution functions.

Define

ỹi ≡ yi − 1[wi > 0]
f(wi|xi, zi)

and ỹNi ≡
yi − 1[wi > 0]
fN (wi|xi, zi)

where

fN (wi|xi, zi) =
fN (wi, xi, zi)
fN (xi, zi)

is a ‘leave-one-out’ kernel estimator for f(wi|xi, zi);

for f(xi), we use fN (xi) ≡ {(N−1)hdim(x)}−1
∑

j,j ̸=iK{(xj −xi)/h} where K is a kernel and

h is a bandwidth, and fN (wi, xi, zi) and fN (xi, zi) are defined analogously. The subscript i

will be often omitted.

The key assumptions for the Lewbel’s estimator are

(i) : E(zu) = 0 (ii) : F (u|w, x, z) = F (u|x, z)

(iii) : the support of f(w|x, z) is [Wl,Wh] that includes the support of − x′β − u

where −∞ ≤Wl < 0 < Wh ≤ ∞.

F (u, x|w, z) = F (u, x|z) is used in Lewbel (2000), but F (u|w, x, z) = F (u|x, z) is adopted

here following Honoré and Lewbel (2002), because the latter looks less restrictive than the

former. This, however, entails the cost of increasing the curse-of-dimensionality problem as

x gets newly conditioned on.

Following Honoré and Lewbel (2002, p.2056) and invoking (i)-(iii), we get

E(ỹ|x, z) = x′β + E(u|x, z).

Multiply this equation by E(xz′)E−1(zz′)z and take E(·) to get (E−1(·) ≡ {E(·)}−1)

E(xz′)E−1(zz′)E(zỹ) = E(xz′)E−1(zz′)E(zx′)β

=⇒ β = M · E(zỹ) where M ≡ {E(xz′)E−1(zz′)E(zx′)}−1E(xz′)E−1(zz′). (2.1)
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A consistent estimator for β is

bN = MN · 1
N

∑
i

ziỹNi, where MN is a sample analog for M .

Rewrite N−1
∑

i ziỹNi as N−1
∑

i zi(ỹNi − x′iβ + x′iβ). Substituting this into bN yields β +

MNN
−1

∑
i zi(ỹNi − x′iβ). Hence the main term for the asymptotic variance of

√
N(bN − β)

is N−1/2
∑

i zi(ỹNi − x′iβ), and the main question is how fN (wi|xi, zi) − f(wi|xi, zi) affects

the asymptotic distribution.

For a random vector µi and some function m(·, ·), consider

1√
N

∑
i

m(µi, αi) where αi ≡ f(xi).

Newey (1994) showed, with ma ≡ ∂m/∂a and ai ≡ fN (xi),

1√
N

∑
i

m(µi, ai) =
1√
N

∑
i

[m(µi, αi) + E(ma|xi)f(xi)−E{E(ma|x)f(x)}] + op(1) (2.2)

where m(µi, αi) is for known αi and the remaining part is the correction terms accounting for

the first-stage estimation error. Newey presented also the correction terms for other types of

infinite-dimensional nuisance parameters such as conditional means and score functions. For

bN , the nuisance parameter is a conditional density, for which no formula was provided. As

shown next, however, a slight generalization of (2.2) yields the desired correction term with

surprising ease.

Let now αi = f(wi|xi, zi) = f(wi, xi, zi)/f(xi, zi). The correction term can be found

using the product differentiation rule. First, the correction term for f(wi, xi, zi) (and then

multiplied by f(xi, zi)−1) is, using (2.2)

E(
ma

f(x, z)
|wi, xi, zi)f(wi, xi, zi) − E{E(

ma

f(x, z)
|w, x, z)f(w, x, z)}

= E(ma|wi, xi, zi)f(wi|xi, zi) − E{E(ma|w, x, z)f(w|x, z)}.

Second, the correction term for f(xi, zi)−1 (and then multiplied by f(wi, xi, zi)) is

E(
−f(w, x, z)ma

f(x, z)2
|xi, zi)f(xi, zi) − E{E(

−f(w, x, z)ma

f(x, z)2
|x, z)f(x, z)}

= −E(maf(w|x, z)|x, z) + E{E(maf(w|x, z)|x, z)}.

Putting the correction terms together, the terms with nothing conditioned on get cancelled

to leave only

E(ma|wi, xi, zi)f(wi|xi, zi) − E{E(ma|w, x, z)f(w|x, z)|x, z}. (2.3)
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Apply this formula to m(µi, ai) = zi(ỹNi − x′iβ) where µi consists of the elements in

(wi, x
′
i, yi, z

′
i)
′ and ai = fN (wi|xi, zi) to get

1√
N

∑
i

zi(ỹNi − x′iβ) = op(1) +
1√
N

∑
i

[ zi(ỹi − x′iβ)

−ziE{y − 1[w > 0]
f(w|x, z)2

|wi, xi, zi}f(wi|xi, zi) + ziE{E(
y − 1[w > 0]
f(w|x, z)2

|w, x, z)f(w|x, z) |xi, zi} ]

=
1√
N

∑
i

zi[ỹi − x′iβ − {E(ỹ|wi, xi, zi) − E(ỹ|xi, zi)}] + op(1) (2.4)

=
1√
N

∑
i

ζi + op(1) where ζi ≡ zi[ỹi − x′iβ − {E(ỹ|wi, xi, zi) − E(ỹ|xi, zi)}].

Note that E(ζ) = 0. Hence
√
N(bN − β) is asymptotically normal with the variance

ME(ζζ ′)M .

The influence function ζ shows clearly that ỹi − x′iβ is the term with αi known, and the

correction term is E(ỹ|wi, xi, zi)−E(ỹ|xi, zi) that carries a negative sign because αi appears

in the denominator of ỹi. Lewbel (2000, p.156) defines

q ≡ zỹ + zE(ỹ|x, z) − zE(ỹ|w, x, z) (notations modified) (2.5)

to call this non-zero-mean term an ‘influence function’, and then introduces q − zx′β which

is the same as ζ. Our derivation thus agrees with this, but shows better what is going on in

the asymptotic variance. The rather unnatural decomposition of ζ with q led to the following

statement in Stewart (2005, p.559) for ODR with x = z: “the variance of bN can be estimated

as the Huber/White sandwich estimator of the coefficient estimates from an OLS regression

of ỹi + E(ỹi|xi) − E(ỹi|wi, xi) on xi (notations modified).” Here, the proper insight of the

ζ-decomposition is lost, and q with z removed is proposed to be regressed on x. This scheme

may work, but we conjecture that the lack of the proper insight on the asymptotic variance

led Stewart (2005) to use a bootstrap instead of the scheme. Maurin (2002) also applied the

Lewbel’s estimator to find the effect of parental income on repeating the same school grade

without showing how the asymptotic variance was computed.

3. Extension for ODR

Consider an ODR model with R-many categories (0, 1, ..., R− 1):

yi =
R−1∑
r=1

1[wi + x′iβ + ui ≥ γr] where γr’s are unknown thresholds.
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Let xi = (1, x̃′i)
′ and β = (β1, β̃

′
)′, and rewrite the ODR as

yi =
R−1∑
r=1

yri where yri ≡ 1[β1 − γr + wi + x̃′iβ̃ + ui ≥ 0] = 1[yi ≥ r].

This is decomposing the ODR yi into the binary responses yri, r = 1, ..., R−1. The yr model

has intercept β1 − γr and slope β̃. With M = (M ′
1, M̃

′)′ where M1 is the first row of M and

M̃ is the remaining rows, we thus get (recall (2.1))

M1 · E(zỹr) = β1 − γr, r = 1, ..., R− 1, (3.1)

M̃ · E(zỹr) = β̃, r = 1, ..., R− 1. (3.2)

Since the same β̃ satisfies (3.2) for all r, Lewbel (2000, p.161) suggested to use the

unweighted average across r: take (R− 1)−1
∑R−1

r=1 (·) on (3.2) to get

M̃ · E(z
(R− 1)−1

∑R−1
r=1 yr − 1[w > 0]

f(w|x, z)
) = β̃ (3.2’)

as a way to extend the binary-response estimator to ODR. But this suggestion is ad hoc, be-

cause any combination
∑R−1

r=1 ωryr with
∑R−1

r=1 ωr = 1 can be used, not just (R−1)−1
∑R−1

r=1 yr.

The best (i.e., efficient) combination can be found using minimum distance estimation (MDE),

which combines the R− 1 binary response (y1, ..., yR−1) model estimators for β̃.

For instance, with R = 3 for three-category ODR and k̃ = dim(β̃), (3.1) and (3.2) can

be written as 
ψ11

ψ1s

ψ21

ψ2s

 =


1 0 0

0 0 Ik̃

0 1 0

0 0 Ik̃



β1 − γ1

β1 − γ2

β̃

 (3.3)

where the left-hand side is the ‘reduced form (RF)’ parameters: ψ1 ≡ (ψ11, ψ
′
1s)

′ for y1i and

ψ2 ≡ (ψ21, ψ
′
2s)

′ for y2i such that ψ11 and ψ21 are the intercepts and ψ1s and ψ2s are the

slopes. Defining the middle matrix as C, the efficient MDE for the right-hand side ‘structural

form (SF)’ parameter Γ ≡ (β1 − γ1, β1 − γ2, β̃
′
)′ is obtained by minimizing

{(ψ̂′
1, ψ̂

′
2)

′ − CΓ}′Ω−1
N {(ψ̂′

1, ψ̂
′
2)

′ − CΓ}

with respect to Γ where ψ̂1 and ψ̂2 are the RF estimators and ΩN is their asymptotic variance

estimator. The resulting efficient MDE is (see. e.g., Lee (2002) and the references therein)

Γ̂ ≡ (C ′Ω−1
N C)−1C ′Ω−1

N (ψ̂
′
1, ψ̂

′
2)

′ with
√
N(Γ̂ − Γ)  N{0, (CΩ−1C)−1}, where ΩN →p Ω.
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To obtain ΩN , we need influence functions for (ψ̂
′
1, ψ̂

′
2)

′. Define ỹji as the transformed

response for yji, j = 1, 2, and

ζji ≡ zi[ỹji − (β1 − γj) − x̃′iβ̃ − {E(ỹj |wi, xi, zi) − E(ỹj |xi, zi)}], j = 1, 2.

Let ζ̂ji be a sample analog for ζji. Then an estimator of the influence function for ψ̂j is

ξ̂ji = MN ζ̂ji, j = 1, 2 =⇒ ψ̂j =
1√
N

∑
i

ξ̂ji + op(1) and ΩN = N−1
∑

i

(ξ′1i, ξ
′
2i)

′(ξ′1i, ξ
′
2i).

Instead of the MDE with (3.3), suppose we use (3.1) and (3.2’) as suggested by Lewbel

(2000), which are

ψ11 = β1 − γ1, ψ21 = β1 − γ2,
ψ1s + ψ2s

2
= β̃.

The Lewbel’s unweighted average amounts to replacing ΩN in the MDE with IN , which yields

an inefficient MDE. This can be seen in that the inefficient MDE is

(ψ̂11, ψ̂21, (ψ̂
′
1s + ψ̂

′
1s)/2)′ = (C ′C)−1C ′(ψ̂

′
1, ψ̂

′
2)

′.

Since the number of observations falling in each ODR category can vary much across r =

0, ..., R− 1, the efficiency of the binary response estimators will vary much accordingly. The

unweighted averaging can easily result in a rather inefficient ODR estimator. Unfortunately,

Anton et al. (2001) applied the inefficient MDE to a grouped unemployment duration data.

4. Extension for Panel Binary Response

Honoré and Lewbel (2002) extended the binary response estimator to a panel data model

yit = 1[wit + x′itβ + vit > 0], vit = δi + uit, t = 0, 1

where δi is a time-constant error possibly related to xit. Let zi be a time-constant instru-

ment vector. In this section, we briefly review Honoré and Lewbel (2002) and relax some

assumptions there.

Assume

(i)′ : E(uitzi) = 0, t = 0, 1 (ii)′ : F (vit|wit, xit, zi) = F (vit|xit, zi)

(iii)′ : the support of f(wit|xit, zi) is [Wlt,Wht] that includes the support of − x′itβ − vit

where −∞ ≤Wlt < 0 < Wht ≤ ∞.
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These assumptions do not require xit to be ‘strictly exogenous’; pre-determinedness is suffi-

cient allowing feedbacks from the past and current responses to the future regressors.

Define now

ỹit ≡
yit − 1[wit > 0]
f(wit|xit, zi)

and ỹNit ≡
yit − 1[wit > 0]
fN (wit|xit, zi)

.

Then it holds that

E(ỹit|xit, zi) = x′itβ + E(δi + uit|xit, zi).

Multiply this by zi and take E(·) to get

E{E(ziỹit|xit, zi)} = E(zix′it)β + E{E(ziδi + ziuit|xit, zi)}

=⇒ E(ziỹit) = E(zix′it)β + E(ziδi), for E(ziuit) = 0 in (i)′. (4.1)

Define ∆ỹi ≡ ỹi1 − ỹi0 and ∆xi ≡ xi1 − xi0. First-difference (4.1) to get

E(zi∆ỹi) = E(zi∆x′i)β =⇒ β ≡ [E(∆x′izi)E
−1(ziz′i)E(zi∆x′i)]

−1E(∆x′izi)E
−1(ziz′i)E(zi∆ỹ′i).

The asymptotic variance of the sample analog bN for β takes the usual form QE(νν ′)Q

where Q is the matrix before E(zi∆ỹ′i) in β. To determine ν, proceed as in (2.4) to obtain

1√
N

∑
i

(zi∆ỹNi − zi∆x′iβ) = op(1) +
1√
N

∑
i

[ zi(∆ỹi − ∆x′iβ)

−ziE{yi1 − 1[wi1 > 0]
f(wi1|xi1, zi)

|wi1, xi1,zi} + ziE(E{yi1 − 1[wi1 > 0]
f(wi1|xi1, zi)

|wi1, xi1,zi} |xi1, zi)

+ziE{yi0 − 1[wi0 > 0]
f(wi0|xi0, zi)

|wi0, xi0,zi} − ziE(E{yi0 − 1[wi0 > 0]
f(wi0|xi0, zi)

|wi0, xi0,zi} |xi0, zi) ]

=
1√
N

∑
i

zi[∆ỹi − ∆x′iβ − {E(ỹi1|wi1, xi1, zi) − E(ỹi1|xi1, zi)}

+{E(ỹi0|wi0, xi0, zi) − E(ỹi0|xi0, zi)}] + op(1).

The term ∆ỹi − ∆x′iβ is for the known nuisance parameters, and the rest is the correction

terms, whereas Honoré and Lewbel (2002, p.2057) list the unnatural decomposition analogous

to q in (2.5).

Honoré and Lewbel (2002, p.2055) state “zi would typically consist of predetermined

regressors up to period 0” (modified slightly). This may not give enough instruments in

practice, discouraging the application of the estimator. To relax this apparent restriction

on z as well as the restriction (i)′ in the following, recall (4.1) to see how E(ziδi + ziuit) =

E(ziδi) + E(ziuit) was removed: E(ziδi) was removed by differencing, and E(ziuit) by (i)′.
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First, suppose a time-variant zit is used to yield E(zitvit). To remove E(zitvit) by differ-

encing, it is sufficient to assume the moment stationarity

E(zi1vi1) = E(zi0vi0). (4.2)

This allows zit to be related to δi and uit, and (i)′ is not necessary.

Second, let zi = (z′i0, z
′
i1), which is a way to turn time-variant instruments to time-

constant ones. Then we get E(zivit) = E(ziδi)+E(ziuit). E(ziδi) is removed by differencing,

and to remove E(ziuit) by differencing as well, it is sufficient to assume

E(ziui1) = E(ziui0) ⇐⇒ E(zi0ui1) = E(zi0ui0) and E(zi1ui1) = E(zi1ui0). (4.3)

This is different from (4.2) in that no δi is involved but ‘cross-moments’ with different time

indices appear, whereas (4.2) has to do only with contemporaneous moments.

Although relaxing (i)′ with (4.2) or (4.3) may look easy, considering the way Lewbel’s

(2000) influence function decomposition and ODR extension have been taken too literally

in the literature, (4.2) and (4.3) may expand substantially the applicability of Honoré and

Lewbel (2002).

5. Conclusions

In this paper, we provided a better insight for the asymptotic variances of Lewbel’s (2000)

and Honoré and Lewbel’s (20002) estimators. Then we showed the efficient extension of

Lewbel’s (2000) estimator for ordered discrete responses. We also relaxed some assumptions

regarding the instrument time-constancy and orthogonality to error terms in Honoré and

Lewbel (20002). These contributions are hoped to encourage further applications of the

innovative estimators.
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