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1. INTRODUCTION

Rhee (2008) characterizes an optimal feasible tax meahaius a public
good economy where the provision of public goods is to be Giedry property
taxes collected from individuals when a social plannerlatreely uninformed of
the properties of the individualsHowever, the model of Rhee (2008) considers
only the economy consisting ¢tfomogeneousagents who are not distinguish-
able by any fundamental and public characteristics, whiely be a restrictive
assumption.

An individual in an economy has many characteristics thatad his/her
economic status. Many of those characteristics are oldsleraaly privately, but
some of them are publicly observable. Furthermore, one aaityerecognize
that some publicly observable characteristics of an idldigi are closely related
to his/her income or wealth. For example, such charadesistclude race (mi-
nority vs. majority), sex (female vs. male), class (bludazovs. white-collar)
and so orf. We try to incorporate this reality.

The main goal of this paper is to extend the model of Rhee (2@08 more
general model wittheterogeneouagents who have different characteristics that
are publicly observable. We consider the case of one olidereharacteristic
that can take two types, minority or majority; a majority agghas more ad-
vantageous probability distribution over endowment thamirzority agent. It is
assumed that their true initial endowment is still privat®imation. As a result,
an individual has two characteristics from the informadibpoint of view; one
is private information on his/her endowment and the othpuldicly observable
information on his/her race. Since a social planner is wninéd of the realiza-
tion of individuals’ wealth, she has to consider fhasibletax mechanism in the
sense that a tax schedule should not impose more than whadiaidual really
has.

Since the seminal model of Hurwicz, Maskin, and Postlewdi#®5), there
have been some studies on the feasible implementationgondbl a public good
economy, such as Hong (1995), Tian (1993), Tian and Li (1%2%) Dagan et al.

IThroughout this paper, we use the terpreperty, income wealth and endowmeninter-
changeably according to context.

2The U.S. Census data indicate that there are notable incapsely race and/or sex. For ex-
ample, in 2008, the median income is $35,120 for white m&l8, %50 for white female, $25,254
for black male, and $20,197 for black female. For furtheadst visit the U.S. Census Bureau
website at http://www.census.gov/compendia/statald/@@ition.html. Also, based on a variety of
socially observable individual characteristics, Schell{1971) studies a dynamic equilibrium of
segregation of a community using the model of neighborhqagirtg.
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(1999) for complete information cases, and Hong (1996, 1866 Tian (1996,
1999) for incomplete information casgsHowever, these studies have mainly
focused on the implementability of a social choice rule,rmtton the efficiency
of an implementing mechanism. Rhee (2008) is the first atteampeal with
the efficiency aspect using optimal taxation scheme a lalédis (1971). Even
though Rhee (2008) fully characterizes an optimal feasédenechanism which
maximizes the sum of agents’ expected utilities, it doesatiotv for agents’
heterogeneity that is publicly recognized in many econemie

The vast majority of previous literature regarding heteragty in a pub-
lic good economy has focused on experimental motiéidso, almost of those
experimental researches mainly compare the effect ofdgderity on the pro-
vision of public good® Isaac and Walker (1988) studies the effect of commu-
nication in voluntary contribution mechanism experimegutsl concludes that
heterogeneity as an asymmetric incomes decreases theofegehtributions.
Cardenas (2003) and Anderson et al. (2008) obtain the sioglzclusion on the
effect of asymmetric endowments. On the other hand, Chah €396, 1999)
shows the experimental results that income inequalityeim®ees the aggregate
contribution to public good. However, since most of expemtal studies are
based on voluntary contribution, to our best knowledgegtias been no study
to find a socially optimal provision of public good under th®lpabilistic het-
erogeneity of individual endowments using Bayesian modahich is the main
contribution of our model.

In this paper, we provide a social planner’s problem for tetehogeneous
agents and two types (rich and poor), and present the fulckexization of op-
timal feasible tax mechanism. To begin with, we obtain thigegsimilar results
as in Rhee (2008); (i) when the expected total endowmenteftonomy is
relatively low or high enough, first best taxation is possil§li) the second best
feasible tax mechanism is regressive, and (iii) the optif@asible tax mecha-
nism is increasing.

In addition, we find that for an optimal feasible tax sched(iig if the level

3Some authors refer to this literature as “state-dependeptementation” or “endowment
game.”

40One of exceptions is the famous theoretical contributioBbygstrom, et al. (1986). They
provide a canonical model that deals with income heterdgeunsing Nash equilibrium and show
that an income inequality which increases the heterogeagibng players may increase the pro-
vision of public good, which is a different result from Wafr983). See Ledyard (1995) for a
survey of experimental researches on public good.

5A notable exception is Kaplow (2006), which studies the affef public good provision on
the income heterogeneity.
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of low endowment is relatively low, then only the incentivengpatibility (IC)
constraint of a rich minority agent will be binding, whilehetrwise only the
(IC) constraint of a rich majority agent will be binding. Ither words, the
social planner only need to worry about the incentive pnobdd a rich minority
agent for the former case, and that of a rich majority agentHe latter case.
Finally, for better understanding the optimal feasiblerteechanism, we conduct
some comparative statics analyses when there is a charfgepnimitives of the
economy. Although the optimal solution of the social platsmeroblem has
many corner solutions by nature, we can employ a quite girmtarpretation
used in the corresponding homogeneous cases in Rhee (2008).

The remainder of this paper is organized as folléws Section 2, we present
the model for a heterogeneous public good economy. In Se8iove fully
characterize the optimal feasible tax schedule for the @ogrwith two agents
and two possible types. Using the characterization resitSection 4, we
discuss the properties of the optimal mechanism and pr@adee comparative
static analyses. In Section 5, we give concluding remarks.

2. THE MODEL

2.1. THE ECONOMY

Consider a public good economy with two agents, 1 and 2. Tiscome
private goodx € R, and one pure public googe R, , where the private good
can be used to produce the public good according to a constamhs to scale
technology. Without loss of generality, we normalize thedurction technology
such that one unit of private good can be transformed intoumieof public
good. Each agent= 1,2 has the same quasilinear von Neumann-Morgenstern
utility function uonR?,

u(x;,y) = logy+x;,

wherex; is the consumption of private good by agéntnitially, each agent is
endowed with private good € {c, w4 } only, where (£ . < wy < . Agent
i is calledpoorwhencw = w_ andrich whenw = wy. Let

Q= {(a. o) R @ <an}

denote the set of all possible pairs of initial endowments.

5We try to keep the same order of analysis as in Rhee (2008héopuirpose of comparison,
but omit some detailed arguments to avoid repetition.
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The information structure of this economy is as follows. Pnnitives of
the economy are common knowledge, whereas each agent hate priforma-
tion about his own endowment. That is, agémnows the realization of his
own endowmenty and the initial probability distribution of the other agsnt
endowment, but does not know the realization of the othentsgendowment
wj. The probabilities of agent 1 and 2 being poor prandq respectively and
independent, that is,

Prlay = )=pe(0,1), Prlax=aw)=0q€(0,1),

whereq > p. We call agent 1 @-type ormajority and agent 2 g-type orminor-
ity. An economic environment is equivalent to the realizatibwe= (wy, wy).

2.2. THE TAX MECHANISM

A tax mechanism consists of message spadder each agent= 1,2, and
an outcome functiorf which maps each message profitec M = M; x My
into agents’ tax burdert§m) = (t(m),t2(m)) € R2 and public good production
y; f:m— (t(m),y(m)). The constant returns to scale technology implies that
y(m) =< t1(m) +ta(m) for allme M, but without loss of generality, we can assume
that the equality always holds since no taxes will be wadttshce, we have the
following simple definition.

Definition 2.1 (Tax Mechanism and Schedulé) tax mechanisnh is defined as
I =(M,t), where t: M — R? is called atax schedule

Given a tax mechanisi = (M,t), lets : {a,wq} — M; denote the strat-
egy (report) of agent By the Revelation Principle, we are able to restrict our
attention to a direct incentive compatible tax mechanishusT we assume that
M;i = {w\, wy } for eachi = 1,2. The expected utility of agentvhen his endow-
ment isw and he reports;, assuming the other agepts truthful, is

Ui(s|eat) = Eay [u (@ ~ (S, @) ta(8,00) +ta(s, @) ) |
=Eg [Iog(tl(s,wj) +o(s, wy)) + (m —ti(&wj)) ‘M} :

In this paper, we make two assumptions which a tax mechartisid sat-

isfy.

Assumption 2.2(No Exaggeration) For each i=1,2, 5(w) < w.
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This assumption implies that each agent is askeputohis reporton the
table, which, in fact, reduces informational disadvantage ofdbeial planner.
We employ another assumption that a tax schedule shoulderaffécted by the
change of agents’ names. That is, two agent’s tax paymert lmeukhe same if
each reports the same endowment given the other agentd.répgppose that
the white people is majority and the black is minority. Itlisgal in a democratic
society to apply a different tax schedule between them dtbry have different
probability on their income. Thus we have

Assumption 2.3(Anonymity). Foralli,j=12withi# j,
s=s = t(s,9) =tj(s,s)
for each $€ {w ,w }.

Under the anonymity assumption, a tax scheduan be written as

(tee, teH, tHL, thH),

where, for examplet, j is the tax payment of an agent when he repajitsand
the other agent reportsy. Since we are considering only direct mechanisms,
we simply identify a (direct) tax mechanisin= (M, t) with a tax schedulé in
this paper.

To state the social planner’s problem, we need to look aétpreperties that
a tax mechanism should satisfy. Fifgasibility implies that no tax mechanism
should impose more than the announced endowment.

Definition 2.4 (Feasibility) A tax mechanism t ieasibleif for all k = L,H,
Ostik=cw and 0=ty = wy. )

Throughout this paper, we require all tax mechanisms censitito be fea-
sible. Second, by the Revelation Principle, we consigegntive compatibléax
mechanisms only.

Definition 2.5 (Incentive Compatibility: 1C) A tax mechanism t iBayesian)
incentive compatibléf for alli = 1,2,

Ui(wn|oon,t) = Ui |an,t). 2

Note that due to the no exaggeration assumption, the imeeatimpatibil-
ity of a tax mechanism for this economy is just one-diredlprthe inequality
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Ui(a | ,t) 2 Ui(wy |, t) is meaningless. Third, by making the same assump-
tion for participation constraint as in the homogeneoug ca® can ignore an
individual rationality condition.

Finally, we add one more definition for a tax mechanism.

Definition 2.6 (Increasingness)A tax mechanism t igcreasingif for all k =
L,H,

Lk S thke

Thatis, a tax mechanism is increasing if an agent’s tax payméncreasing
with his endowment.

2.3. THE SOCIAL PLANNER’S PROBLEM

The social planner (or tax authority) who does not know the tealization
of each agent’s endowment, but knows its probability distion, wants to find
the optimal tax schedule' = (t/ ,t/y .t .ty ) under (1) and (2) which maxi-
mizes the expected sum of agents’ utilities. Formally, gi{@_, w) € Q and
p,q € (0,1), the social planner’s problem is:

max W(t; p,q) = paf2log(2tL) — 2t

+ [p(1— ) + (1 - p)a] [2log(tLn +thr) — (tLH +thL)]
+(1-p)(1—-9g)[2log(2thH) — 2tun] + (P+ )L + (2 (P+0)) wH
subject to

icy qllog(tn +tue) —thi] + (1 — a)[log(2tun ) — thw]
P Y2 qllog(2ti) —tu] + (1— q)[log(tun + the) — tuul;

pllog(tin +thi) —thi] + (1 — p)[l0g(2tHH ) — thH]

(IC2)
pllog(2tL) —tue] + (1— p)[log(tn +the) — tin),

. Ot =w, O=th=a,
(Feasibility) .
0=t =, O=tuy = ay

For notational simplicity, give € (0,1), define a functiom : R4 — R=RU
{—00, 40}, which represents incentive compatibility constraings, b

2
Alt;p)=p Iog%—(tm +th) + (tee +tHH)] - [Iog% + (tun—tLn) |-

Then, atax schedutesatisfies (1G) (resp. (IG)) if A(t;q) = 0 (respA(t; p) = 0).
We sayt satisfies (IC) if it satisfies both (K and (1G).
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3. OPTIMAL FEASIBLE TAX MECHANISM

3.1. POSSIBILITY OF FIRST BEST TAXATION

To begin with, we examine the possibility of the first bestdakedule which
is the solution to (P) without (IC) constraint. If the sogidénner were to know
the realization of each agent’s endowment, she could efasil\the first best tax
schedule. However, she does not have such an informatiotiesguestion is
when the (IC) constraint is not binding. First of all, to ralet the uninteresting
cases, partitiof (see Figure 1) into

Q1 = {(m,n)eQ:m €[0,1)}, and
Q = {(w,4)eQ:w €[1,0)}.

When(w_, w4) € Qy, the social planner can easily solve (P) by imposing a first
best feasible tax schedule

tFe{teBlw,w) ity =thn =1 ttn+tu =2, and 1<ty < w },
sincet” satisfies the (IC) constrainfy\(t™; p) = —(1—t[,;) = 0. If the social
planner insists that the tax schedule be increasing, theeminiique solution to
(P) ist™ = (1,1,1,1). Therefore, in the following we just focus on the case of

(e, ) € Q1. According to the welfare functiow(+), it is easy to see that for
(a1, ) € Qg the first best feasible tax schedule is

tF = (tfL thh e the) = (@L, @, min{w. + o1, 2} — L, min{ay, 1}).

To find the conditions under whidft is the solution to (P), consider the (IC)
constraint atF:

i 2 . .
AtTp)=p [Iog% —min{a + wn, 2} + (wL+m|n{wH,1})]
- [Iog%ﬁ*ﬁ} + (min{eq, 1} — cu_)] .
Lemma 3.1. For (., wy) € Qi, A(tF; p) is strictly increasing inp.

Proof. 7/ Same as the proof of Lemma 3.1 in Rhee (2008)atis mutandis [

"To avoid repetition, we omit the proof of some lemmas and gsitjpns below if it is similar
to the corresponding proof in Rhee (2008).
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Figure 1: Possibility of First Best Taxation

For (aL,wH) € Q1, definep € R by A(tF; p) =0, or equivalently,

log 7’"2'”;&;““1}2} + (min{on, 1} — o)

min{ +an,2}2

p= : : ,
109 e ity — Min{e + w4, 2} + (@ +minfay, 1})

and letp = min{1, p}. Define also

QF = {(w,an) € Q; : lim At™; p) > 0}.
p—0

Proposition 3.2. If p > p, then the first best feasible tax sched(léstthe unique
solution to (P). In particular, if(c_, wy) € QF, then £ is the unique solution to
(P) for all p,q< (0,1), g> p.

Figure 1 depicts the possibility of first best feasible tedat

3.2. SECOND BEST TAX SCHEDULE

Assume thatp < p. To characterize the second best feasible tax schedule,
we begin with three lemmas. The main purpose of these lensrtadower the
dimension of the social planner’s problem.

Lemma 3.3. Suppose’tis a solution to (P). Then,

iy = min{wy,1}.
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Lemma 3.4. Suppose'tis a solution to (P). Then,
i+t =2

Lemma 3.5. Suppose'tis a solution to (P). Then,

tth =, and ty = .

By Lemmas 3.3-3.5, we found the two valueg,of andt},, so all we have
to find to solve the problem (P) {§ andt},, . This implies that the dimension of
(P) reduces from four to two. L&t =ty +ty.. Lemmas 3.3-3.5 implies that
we can restrict our attention {0t ) € [2co, min{w_+ wy,2}] x [0, |, which
now can be called &ax scheduleDefine(IC)-function Z-,-; p) : [2c, min{c_ +
wy,2}] % [0,6] — R, by

Z(T,tesp) = Atee, tum s tHes ks 0
T2

=p|lo i

P [ Y@ Emin{en, 1)

) ‘tLH:(‘lthH:min{m" A}

T+ (e + min{cm,l})}

- [Iog m + (min{ ey, 1} — cq_)] .

Thus, a tax schedul€T,t, | ) is said to satisfy (I¢) if z(T,t..;q) = 0, and (IG)
if z(T,t;p) = 0. We can call(T,t..;q) the majority agent’s (IC)-function and
Z(T,t.; p) the minority agent’s (IC)-function.

Now, the social planner’s problem (P) can be written as arvatfnt but
simplified version (B: Given(w, ,wy) € Q; andp,q e (0,1),

(rpta>§ W(T,t1; p,q) = pa2log(2t ) — 2t ] + [p(1—q) + (1—p)g][2logT —T]
sLLL

subject to
®) (cy  ATtg 20
(ICZ) Z(TatLL; p) 2 Oa
(Feasibility)  (T,t.1) € [2c, min{c + wh,2}] x [0, @ ].
To find the second best tax schedule, first consider the sHaibe dC)-

curve £T,t.;p) = 0. In fact, we can find a point that satisfigg,t  ;p) =0
forall p € (0,1). For(w_,wq) € Q1\ QF, let

T =2min{an, 1} exp{ — (min{ews,1} —w ) }, and

=W (—eXD{Iogg—fML}) :
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Figure 2: Relative size qﬁ,ﬁL) onQ

whereW, is the principal branch of Lambe function. By the definition off,
we can rewrite the (IC)-curve as

2

o ™ “loa X
dtnbpy—plm%zuxf) T+ﬁu+ﬂU} [bgf}, 3)

so, it is clear thaiz(f,t]_;p) =0 for all p € (0,p). That is, the (IC)-curve
Z(T,t.1;p) = 0 always goes through the pivotal poifit,t . ) regardless op
value. Furthermore,

Lemma 3.6. (a) (T, L) € (2e, min{ay + w4, 2}) x [0,1).
(b) If T £ 1, thent > w_..

This lemma tells that i < 1, the pivotal poin(f,ﬁL) is above the feasible
set[2cy , min{w + wy, 2} ¥ [0 @ ]. Another property of the (IC)-curve is that
it turns around the pivotal ponﬁﬂ' t.1) counterclockwise ag increases.

Lemma 3.7. For all p,q € (0,1) such that g> p, if Z(T,t . ; p) =0, then

<0 ifT<T
Z(T’tLL;q):{>o ifT>T

Figure 2 depicts the subsets®@fthat satisfyf,;| > w_andT > 1.
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_ Now, consider the slopes ¢fC)-curve 4T,t.; p) = 0 andwelfare-curve
W(T,t.L; p,q) =w, wherewis a constant. By the same argument in Rhee (2008),
it follows that for (T,t..) € [0,2] x [0,1),

die __F-p @
o AP0 p(l— tﬁ) Z(T tu;p)=0
and
1- 1— 2_1
di _ lpa-9+@-pd(2-1) o
daT W(T tLL;p,a) =W 2pq<i _ > )

L W(T t:p.Q)=W

To describe the second best feasible tax schedule, we neeel defini-
tions. First, for(w_,wy) € Q; such thatwy + wy < 1 andp € (0,p), define
t!, € (0,a) by (. + an,tf ;p) = 0. Second, fop € (0,p), defineT? ¢
(20, min{e. + wn,2}) by z2(TP,  ;p) = 0. Third, define simplyrf° = %.
Finally, for T < TP° andT® < T*°, definetf € (0, ) by z(TP°,tf’; p) = 0.

Now, we can state the main result of this paper. The mainrdifiee of this
result for the heterogeneous case compared to that for thedeneous case of
Rhee (2008) is that since we have to consider two (IC) cansstahe cases of
corner solutions have increased.

Proposition 3.8. For p < p, the solution to (P) is: If.| > ., then

(tfL, L, oh, om) if o+ oy STPO
t' = (t70 @, TP - ,min{wy,1}) if TPSTPO <y + -
(@, @, TP -, min{ay,1}) if TPO<TP
IffLL < w., then

(L@, T—w,min{ay,1})  if TST®
=1 t® @, TP - ,min{wy,1}) if TISTO<T,
(L, ., T9— @ ,min{wy,1}) if T < T
Proof. From (4) and (5), it follows that(T,t; ;q) = 0 andz(T,t..;p) = 0 are
tangent to the welfare-curW® (Tt ; p,q) = wat (TP,tP%) and T4, respec-
tively. According to Lemma 3.7, the proof of Proposition ;:@Rhee (2008) is
valid mutatis mutandis O

Table 1 summarize the optimal feasible tax schedules amdréiative size for
each possible case.



BYUNGCHAE RHEE

e

W S ) : M(’
: ~ @ | o
: =025 :

=015 i o
T . - T
0 2% T todd 0 285 0 A%
(@) (@, wH) = (0.15,0.8), (p,q) = (3,3) (b) (e, wn)=(0.2508), (p,q) = (3,3)
tL W():W tL
X\ 29 =0 ‘56
=035 . : \: =
.\\
Z(;p)=0
.
0 2w 1 @+

0 20 TO @ +ay
=12=4/3=14

(d) (@, w4) =(0.6,0.8), (p,g) = (3,%)

L
M =0
=025 3
: I~
X [
2;p) =0 [W() =W
. IS~—
- T
0 20 1 TAO @ +ay 0 2 TUO o +wy
03 —4/3 =145 s =4/3 =155

() (w,wn) = (0.151.3), (p,q) = (3. %) () (@, wn)=(0.2513),(p,q) = (3,%)

PN .\\f

0

20 T @ ey
=07 =4/3 =16

(9) (w, ) =(0.3513), (p,q)

- T
0 209 TP @ oy
=12=4/3 =

) 9
=32 () (@, 0n)=(06,13), (p,g)=(3.2)

Figure 3: Examples of second best taxation
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Table 1: Optimal feasible tax schedules for a heterogenecaisomy

Cases L 'y tie tin
p = p (including QF) W= @< mn{o+y,2}—w = min{wy,1}
p<hplfLza | +ws 25 th < < wH = wH
2p po 2p i
Ip§ﬁ<ﬂl+m—| LS a< pig — < min{oy,1}
2p _ =< B
g <If = < ITP-w S min{an,1}
i<a |[TE& W @< T-@ S minfw,1}
2 T qo 2q < :
T9s 75 <T t S a< prg — WL = minf{ay,1}
2L <1 = ac< Ti-a S minfon,1}

3.3. SIMULATED EXAMPLES

In this section, we illustrate some examples that show tleeip optimal
feasible tax schedules for different parameter values. tBtiee low dimension-
ality of the social planner’s problem, we can draw the rasgtaphically. We
consider the case ¢p,q) = (1,2).

i.  Suppose thatyy = 0.8.

() If w_ = 0.15, then we havp ~ 0.20. Sincep = p, the first best tax
schedulet], .ttty ) = (0.15,0.15,0.8,0.8) is obtained (Figure 3(a)).

(b) If & = 0.25, therfy| ~0.33> w_andp ~ 0.40. SinceTP°= % < 1.02~
TP, by Proposition 3.8, the second best tax schetiute (e, w_, TP — w_, wy)
is obtained. Figure 3(b) illustrates this case in which thineal tax schedule is
(t Lty th thy) = (0.25,0.25,0.77,0.8).

(c) If w = 0.35, then we hav@, ~ 0.38> w, p ~ 0.72 andTP° = 2 <
1.05~ TP, thus the second best tax schedtile= (o, , TP — @, wy) is ob-
tained, too. Figure 3(b) illustrates this case in which thnoal tax schedule is
(t Lty L thy) = (0.35,0.35,0.70,0.8).

(d) If w = 0.6, thent ~ 057 < w andT ~ 1.31< § = T%®. Thus, the
second best tax schedule = (tT_L,cq_,f — @, wy) is obtained. Figure 3(d)
illustrates this case in which the optimal tax schedulétjis.t/y,t ,tiy) =
(0.57,0.6,0.71,0.8).

ii. Suppose thatoy =1.3.

(e) If .= 0.15, therf, ~0.28> w\_andp ~ 0.55. SinceTP°= % < 1.10~
TP, by Proposition 3.8, the second best tax schetiute (e, w_, TP — w_, wy)
is obtained. Figure 3(e) illustrates this case in which thineal tax schedule is
(t Lty th,thy) = (0.15,0.15,0.95,1).
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(f) If w_ = 0.25, therfy| ~0.33> c_andp ~ 0.86. SinceTP°= % < 1.04~
TP, by Proposition 3.8, the second best tax schetiute (co , ), TP — @, wy)
is obtained. Figure 3(f) illustrates this case in which tpéroal tax schedule is
(t Lyt thy) = (0.25,0.25,0.79,1).

(9) If w_ = 0.35, thert | ~ 0.38> c_andp = 1. SinceTP° = 2 < 1.07 ~
TP, by Proposition 3.8, the second best tax schetide (co , ), TP — @, wy)
is obtained again. Figure 3(g) illustrates this case in tvtfie optimal tax sched-
uleis(t/ ,t'y,t . thy) = (0.350.35,0.72 1).

(h) If = 0.6, thent, ~ 0.56 < @ andT ~ 1.34 > 3 = T%. Thus, by
Proposition 3.8, the second best tax schetiule (tf_‘f, W, T —w ,wy)is ob-
tained. Figure 3(h) illustrates this case in which the optitax schedule is
(t L et thy) = (0.56,0.6,0.73,1)

4. PROPERTIES AND COMPARATIVE STATICS

4.1. PROPERTIES OF OPTIMAL FEASIBLE TAX SCHEDULES

The results and intuitions of the comparative statics agip Rhee (2008)
are also valid to this heterogeneous economy. That is, @nwthe expected total
endowments of the economy is relatively low or high enougjentfirst best
taxation is possible; (ii) the second best feasible tax meisin is regressive;
and (iii) it is increasing

In addition, we have another interesting result about tlentive compati-
bility for the heterogeneous case.

Corollary 4.1. If the initial endowmentw,_, wy) satisfiest | = w_, then only
the incentive compatibility constraint of the rich mingragent (IG) is binding
at t*. Otherwise, only (1¢) is binding.

Proof. By Lemma 3.7 and Proposition 3.8, the result is straightéocy O

According to Figure 2, the subset & that satisfied, . > «w_ represents
the case in which the amount of low endowmeunt is relatively low. Thus,
this corollary can be interpreted as follows: If the endowtrievel of a poor
agent is indeed low, a rich agent is reluctant to pretend tpdm since the
size of public good provision could be too small in case thHeeiotigent was
poor (and reporting truthfully). This reluctancy is graater a rich majority
agent than for a rich minority agent because by definition aonity is more
likely to be poor than a majority. Thus, the misreportingentive of a rich

8We do not repeat the same explanations of the results fotlisityp
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Table 2: Responses tfto p andg.

Cases givenqg | givenp
dty, |t
dp dp dq dqg

p = p (including QF) 0O 0|0 O

P<p|fLzaw | @+wsgh + 0]0 0

p< 2P _ _
Izp:p+q<wL+wH + |+
2p p
B+q<2qI O +(0 O
= - 20
L <o T:p+2?q _ 0 0] 0 O
q< 29 N
Izq: org < I + +
29 q _
g <L 0 0

minority agent is greater than that of a rich majority. Tdgetwith the no-
exaggeration assumption defined below, it follows that aheg(IC) constraint
of a rich minority agent has been satisfied, then that of amejority agent is
obviously satisfied. On the contrary, if the level of low ewteent is relatively
high, the (IC) constraints of rich minority and majority dreth binding, but in
fact we find that only the rich majority’s (IC) constraint imbing at a solution.

4.2. COMPARATIVE STATICS

In this section, we first study the responses$*db p andq analytically, and
then show some examples of the responsets &6 «y and wy by simulation
approach. In the following, we exclude the trivial c&3g in which first best
taxation is always possible.

4.2.1 Responses af to pandq

Since botht/,, andt,, are independent g andgq, it suffices to analyze the
responses df| andt/, . Given(w_ ,wy) € Qq, if p = p, thent* is independent
of the change ip andqg. Thus, supposp < p. By applying a similar analysis in
Rhee (2008), we can obtain the responsets &6 p andq. Table 2 summarizes
the responses of to p andg and Figure 4 provides some examples for different
parameter values.

The economic intuition is as follows. First, consider tharmge inp. Sup-
pose first that the initial low endowment is small enough gheltt,;, > « (the
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areas ofD and(®) in Figure 2). In this case, by Corollary 4.1, only ¢)ds bind-

ing. Thus, the increase ip makes the set of incentive compatible and feasible
tax schedules larger, which implies that the social placaerincreasg’ ort;;,

as long as the feasibility constraint is binding. Figure)4ad (c) depict this
case. Giverg = % if p< p, a corner solution like Figure 3(b) is obtained,t§o
stays at it maximuny_ butty, increases ap increases. Suppose instead that
(a1, wy) satisfied;| < w . Then, by Corollary 4.1, only (I is binding. Since

T = % is decreasing irp, a corner solution like Figure 3(d) is obtained for

a smallp. Thus,t/, andt; stay aff; andT — w_respectively. Asp increases
more, an interior solution like Figure 3(h) takes place.hiis taset;| increases
butt;, decreases. For a large we have a corner solution in whitf) is at its
maximumey_ andt;;, stay the same &t%— .

Next, consider the change @n If (), wy) is such that | > «w_, then only
(ICy) is binding. In this case, the change @&ffectst’, andt); through the
change ofT P° only when an interior solution occurs. Figure 4(e) and (gvsh
the cases where no interior solution is possible, sathaindt;,, staysthe same.
On the other hand, i, > w_, then only (IG) is binding. SinceT % = % is
increasing inq, the effects ofg on t/, andt}, are the inverse to those gt
That is, asqg increasest, stays initially at its maximum, and then decreases,
and finally ends up df, whereag;;, decreases initially, and then increases, and
finally ends up af — . Refer to Figure 4(f) and (h).

4.2.2 Responses af to wy or wy

We provide some simulated examples for the response§ @ndt}, to
(. or wy in Figure 5. The similar interpretations given in the homusmus
case also apply here. Figure 5(a)—(c) show the respongggmty for some
cases. For a given value afy, As w_ increasest;| increases, but; weakly
decreases for lower level o and increases for higher level af . This results
reflect whether the optimal tax schedule occurs at a cornan dfiterior. Note
that an increase @b may decrease the tax burden of a rich agent since the social
planner should allow more information rent to the rich agétawever, we want
to emphasize the role of (Fand (IG) depending on the relative size of .

Figure 5(d)—(f) depict the responsestdfto wy, and can be interpreted by
the similar way above.
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4.2.3 Expected Total Provision of Public Good

Finally, we show how much public goods will be provided@s, w_, or
wy varies (Figure 5(a)—(h) respectively). The expected fatavision of public
good is expressed as

E(y) = pa(2t/ ) +[p(1—a) + (1 - p)al(t'y + ) + (1= p) (1 —a) (2y)-

The quite similar interpretations given in Rhee (2008) ppre, too. That is,
the expected public good provision increases as the giweh ¢¢ endowments
w_ or wy increases, and the probability of being pgoor g decreases. Excep-
tionally, the increases iny. may reduce the expected provisitiity) for large
wy because it may deceakg so much.

It is meaningful to compare the levels of the expected prori®f public
good between homogeneous and heterogeneous economibsugkltthe ana-
lytical comparison is nearly impossible due to the feattia the solution has
many corner solutions, a computational comparison indg#tat the expected
public good provision of heterogeneous economy is less tiainof homoge-
neous economy.This results reflect that in a heterogeneous economy thalsoci
planner has to care more about the incentive for a rich nmgjtripretend to be
poor than the incentive for a rich agent in a homogeneousoeagnThis implies
that a larger informational rent should be given to a ricthatdost of lower level
of public good in a heterogeneous economy than in a homogsresmnomy.

5. CONCLUDING REMARKS

In this paper, we consider the feasible taxation problem loétarogeneous
public good economy from an efficiency point of view. The hegeneity adopted
here is the assumption that each agent has a publicly oldergharacteris-
tic. First, using a Bayesian mechanism design approachuillyedharacterize
the optimal feasible tax mechanism for an economy with twentgy The fea-
tures of the obtained optimal feasible tax mechanism are girinilar to those
of Rhee (2008), namely, (i) if the overall level of endowmehthe economy is
low enough or high enough, then the optimal mechanism isldest, (ii) when
the optimal mechanism is second best, it is regressive, ignth€ optimal tax
schedule is increasing. In particular, the result of (ijniginly due to the feature
of the model that levying a tax on a poor agent does not invatweincentive
problem to misreport so that the social planner, who doesnired which agent

9The simulated results of comparison are available uponesidtom the author.
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pays how much tax as long as the total amount of taxes stagsuthe, prefers to
impose as much tax as possible on the poor agent rather thaicthagent who
may request some informational rent.

Second, we conduct some comparative statics analyses ofidhbanism
when there are changes in the given paramei@yswy) and(p,q). The sim-
ulated results show how the optimal tax mechanism deals th@hagents’ in-
centives to misreport or free-ride and the individual fegity constraint simul-
taneously in the heterogeneous economy. Specifically,ditiad to the similar
results and interpretations of the homogeneous case in 068), the het-
erogeneous case indicates that if the levedupfis low enough, the free-riding
incentive of a rich minority only matters, while otherwiseetfree-riding incen-
tive of rich majority only matters. This implication ressifrom the fact that if
. is low enough a rich minority who is more probable to be po® heore
incentive to misreport his endowment than a rich majorityoushless probable
to be poor, and ity_ is high enoughyice versa

As a future research agenda, we need to study the perforncangearison
of the optimal feasible tax mechanisms between homogenaodseteroge-
neous economies from the perspectives of social welfareotHar words, it
would be an interesting research to compare which econorgsdhe higher
social welfare, an economy consisting of homogeneous caritiesior an econ-
omy consisting of heterogeneous communities.
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